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This paper presents a novel hybrid method for solving the low-Mach-number equations
for inviscid flow supplemented with long wavelength acoustics as computed by solving the
fully compressible Euler equations. Contrary to previous existing methods, the novelty
of the present strategy is that the fully compressible equations are solved without any
approximation, and that an adaptive mesh refinement (AMR) framework is employed to
optimize the performance of the algorithm. It is demonstrated that compared to a purely
compressible approach, the hybrid method allows time-steps of larger magnitude at the
finest level, leading to an overall reduction of the computational time.

I.

Introduction

Flows in which the primary features of interest do not rely on high-frequency acoustic effects, but in which
long-wavelength acoustics play a nontrivial role, present a computational challenge. Integrating the entire
domain with low-Mach-number methods1–8 would remove all acoustic wave propagation, while integrating
the entire domain with the fully compressible equations can in some cases be prohibitively expensive due to
the CFL time step constraint. For example, simulation of thermoacoustic instabilities9–14 might require fine
resolution of the fluid/chemistry interaction but not require fine resolution of acoustic effects, yet one does
not want to neglect the long-wavelength wave propagation and its interaction with the larger domain.
The present paper introduces a new multi-level hybrid algorithm to address these type of phenomena.
In this new approach, the fully compressible Euler equations are solved on the entire domain, potentially
with local refinement, while their low-Mach-number counterparts are solved on subregions of the domain
with higher spatial resolution. The finest of the compressible levels communicates inhomogeneous divergence
constraints to the coarsest of the low-Mach-number levels, allowing the low-Mach-number levels to retain
the long-wavelength acoustics.
The method is similar to the Multiple Pressure Variables (MPV) first introduced in a set of papers by
Munz et al .15–18 The essence of the MPV approach is to decompose the pressure into three terms: the
thermodynamic pressure p0 ; the acoustic pressure p1 ; and the perturbational pressure p2 . The acoustic
signal is carried by p1 , and p2 is used to satisfy the divergence constraint on the low-Mach-number levels and
is defined as the solution to a Poisson equation. Different approaches for solving p1 were proposed in the
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aforementioned references, for example by solving a set of Linearized Euler Equations (LEEs) on a grid that
is a factor of 1/M coarser, where M is a measure of the Mach number of the flow. The novelty of the present
paper is that the fully compressible equations are solved without any approximation, and that an adaptive
mesh refinement (AMR) framework is employed to optimize the performance of the algorithm. Thus, while
the fully compressible equations are solved in the entire domain, with possible additional local refinement, the
hybrid strategy developed in the present paper allows refined patches where the low-Mach-number equations
are solved at finer resolution.
The remainder of this paper is organized as follows. In Section II the hybrid hierarchical grid strategy
and governing equations that are solved at each resolution are presented. In Section III the numerical results
of a canonical test case are presented to assess the performances of the hybrid method.

II.

Hybrid hierarchical grid strategy and governing equations

The key idea of the algorithm developed in the present paper is to separate the acoustic part of the
flow from the hydrodynamics, and to retain acoustic effects only at wavelengths at longer length scales than
the finest flow features. This is achieved by solving a modified form of the low-Mach-number equations at
the resolution required by the fine scale features of the flow, while solving the fully compressible governing
equations on a coarser level (or levels) underlying the low-Mach-number levels. Because the compressible
equations are not solved at the finest level, the overall time step is reduced by a factor of the ratio of grid
resolutions from what it would be in a uniformly fine compressible simulation.
In practice, the grid hierarchy can contain multiple levels for each of the two solution approaches. This fits
naturally within the paradigm of block-structured adaptive mesh refiment (AMR), although most published
examples of AMR simulations solve the same set of equations at every level. The present algorithm forms
the LAMBDA code and is developed within the BoxLib package,19, 20 a hybrid C++ /Fortran90 software
framework that provides support for the development of parallel structured-grid AMR applications.
The computational domain is discretized into one or more grids on a set of different levels of resolution.
The levels are denoted by l = 1, · · · , L. The entire computational domain is covered by the coarsest level
(l = 1); the finest level is denoted by l = L. The finer levels may or may not cover the entire domain; the
grids at each level are properly nested in the sense that the union of grids at level l + 1 is contained in the
union of grids at level l. The fully compressible equations are solved on the compressible levels, which are
denoted as lComp = {1, · · · , lmax comp }, while on the low-Mach levels denoted as lLM = {lmax comp+1 , · · · , L},
the modified low-Mach-number equations are solved. The index max comp is an integer that denotes here
the total number of compressible layers involved in the computation. For ease of implementation of the
interpolation procedures, the current algorithm assumes a ratio of 2 in resolution between adjacent levels
and that the cell size on each level is independent of direction.

2 of 11
American Institute of Aeronautics and Astronautics

II.A.

Governing equations solved on compressible level

The set of fully compressible Euler equations are solved on levels lComp = {1, · · · , lmax comp } . The conservation equations for continuity, momentum and energy are expressed as:
∂ρ
= −∇ · (ρu)
∂t
∂ (ρu)
= −∇ · (ρuu) − ∇pComp
∂t
∂ (ρE)
= −∇ · (ρuE + pComp u)
∂t

(1)
(2)
(3)

Here, ρ, u and E are the mass density, the velocity vector and the total energy per unit mass, respectively.
The total energy is expressed as E = e + u · u/2, where e is the specific internal energy. The total pressure
pComp is related to the energy through the following equation of state:
pComp = (γ − 1) ρe

(4)

where γ is the ratio of the specific heats. Note that Eq. (4) represents a very simplified assumption of
the equation of state, and that it will be generalized in future work, for example to deal with reactive
Navier-Stokes equations composed of multiple chemical species.
II.B.

Governing equations solved on low-Mach levels

The set of governing equations are recast under the low-Mach-number assumption and solved on levels lLM =
{lmax comp+1 , · · · , L}. The conservation equations for continuity, momentum, and energy are, respectively:

∂ρ
= −∇ · (ρu)
∂t
∂u
1
= −u · ∇u − ∇ (p0 + p1 + p2 )
∂t
ρ
Dp1
∂ (ρh)
= −∇ · (ρuh) +
∂t
Dt

(5)
(6)
(7)

where h = e + p/ρ is the enthalpy. Eqs. (5)-(7) are accompanied by the following constraint on the velocity:
∇ · u = ∇ · uComp

(8)

where uComp is interpolated from the compressible level. As explained in the introduction, the pressure that
appears in the low-Mach-number equations is not written as a single term like pComp in the fully compressible
equations, but has been decomposed into three terms: the thermodynamic pressure p0 , the acoustic pressure
p1 , and the perturbational pressure p2 . Here, p0 is constant through the whole simulation, while p1 is
provided from the compressible solution and p2 is intrinsic to the projection method for the pressure.
II.C.

Integration procedure

At the beginning of a time-step, both the compressible and the low-Mach-number equations share the same
state variables on all levels. The procedure can be summarized as follows:
1. The time-steps for the fully compressible equations (∆tComp ) as well as the low-Mach-number equations
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(∆tLM ) have to be computed and synchronized first so as to define a global time-marching procedure.
2. The fully compressible Eqs. (1-3) are advanced in time on the designated compressible levels through
the whole time-step, from tn to tn+1 . Note that as ∆tLM > ∆tComp , this may involve several sub-steps
depending on the flow and mesh configurations. At the end of the procedure, state variables are known
on those levels at tn+1 .
3. The low-Mach-number Eqs. (5-7) are then advanced in time on the designated low-Mach levels from
tn to tn+1 . The terms involving the acoustic pressure p1 are provided by interpolation from the
compressible solution. As the momentum Eq. (6) is advanced through a fractional-step method, a
variable-coefficient Poisson equation must be solved to correct the velocity fields. The constraint on
the velocity that appears as a source term in the Poisson equation is provided by construction with
interpolated values from the compressible solution. At the end of the procedure, state variables on the
low-Mach levels are spatially averaged down to the compressible levels and a new time-step can begin.
The present algorithm constitutes the new LAMBDA code, and uses routines from the existing codes
CASTRO21 and MAESTRO.22 This ease of reuse and demonstrated accuracy of the existing discretizations motivated the choices of the numerical methods employed in the present paper to solve the equations;
however, the algorithm presented here could be adapted to use alternate discretizations.

III.

Results: 2D mixed waves propagation

The performance of the new hybrid compressible/low-Mach method proposed in the present paper is
now assessed with a test case consisting on the propagation and convection of mixed acoustic, entropic and
vorticity modes in a 2D square domain.23 A mean flow is imposed throughout the domain, and an acoustic
pulse is placed in the center of the domain, while entropy and vorticity pulses are initialized downstream.
These latter pulses are simply convected by the mean flow, while the acoustic pulse generates a circular
acoustic wave which radiates throughout the domain in all directions. Furthermore, non-reflecting outflow
boundary conditions are imposed in all directions of the domain.
The initial conditions are imposed as follows:
2

ρinit (x, y) = ρref + ηa e−αa ((x−xa )

+(y−ya )2 )

uinit (x, y) = M cref + (y − yv ) ηv e−αv ((x−xv )
2

v init (x, y) = − (x − xv ) ηv e−αv ((x−xv )
pinit
0 (x, y) =

c2ref ρref
γ

,

2

+ ηe e−αe ((x−xe )
2

+(y−yv )
2

+(y−yv )

2

+(y−ye )2 )

)

(9)
(10)

)

(11)
2

−αa ((x−xa )
2
pinit
1 (x, y) = cref ηa e

+(y−ya )2 )

(12)

Here the sound speed cref = 200 m/s and the Mach number M = 0.2, with γ = 1.1 and density ρref =
1 kg/m3 . The domain is a square with sides of length Lx = Ly = 256 m. In the above expressions, αx
is related to the semi-length of the Gaussian bx by the relation αx = ln 2/b2x . Finally, the strengths of the
pulses are controlled by the following set of parameters:
ba = 15,

ηa = 0.001,

xa = Lx /2,

ya = Lx /2

(13)

be = 5,

ηe = 0.0001,

xe = 3Lx /4,

ye = Lx /2

(14)

bv = 5,

ηv = 0.0004,

xv = 3Lx /4,

yv = Lx /2

(15)
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The test case is computed with 3 different approaches:
• the new hybrid method developed in the present paper,
• by solving only the purely low-Mach-number equations (see Sec. II.B),
• by solving only the purely compressible equations (see Sec. II.A).
Time evolution of the solution is presented in Figure 1. Figure 1(a)-(d) in the top row are the solutions
computed with the purely low-Mach-number approach, whereas Figure 1(e)-(h) are solutions computed with
the new hybrid method. The compressible solution gives results visually indistinguishable from the hybrid
approach so those are not shown here. In both the hybrid and compressible solutions, the circular pressure
wave generated from the center of the domain propagates in all directions. As the sound speed is far higher
than the mean flow velocity, the acoustic wave passes the entropy pulse and eventually leaves the domain
at 0.4 s. When the purely low-Mach-number approach is employed, the pressure pulse in the center of the
domain is considered as an entropy pulse, and is convected in the same way as the entropy pulse localized
downstream. It is noted that the hybrid solution correctly captures the behavior of the waves generated
from acoustic pulse despite the fact that the compressible grid under the acoustic pulse is at lower resolution
than in the fully compressible solution, and has an overset fine low Mach number grid.

(a) Time 0.1 s

(b) Time 0.2 s

(c) Time 0.3 s

(d) Time 0.4 s

(e) Time 0.1 s

(f) Time 0.2 s

(g) Time 0.3 s

(h) Time 0.4 s

Figure 1. Isocontour of density superimposed on field of vorticity for solutions at t = 0.1 s, 0.2 s, 0.3 s and 0.4 s. The
top row (figures (a)-(d)) are solutions computed with the purely low-Mach-number approach. The bottom row (figures
(e)-(h)) are solutions computed with the hybrid method detailed in the present paper.

In order to provide quantitative results, both the solution computed with the hybrid method and the
purely compressible solution are compared to a reference exact analytical solution.23 The numerical error is
assessed by computation of the L2 -norm of the difference between the computed and the reference solutions,
which is expressed as follows:
s
εφ = L2φ (Ssol − Sref ) =

(φsol − φref )
Nx Ny

2
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(16)

where subscripts sol and ref identify the computed and reference solutions, φ is the variable investigated,
and Nx and Ny are the number of points in the x and y directions. Note that for simplicity, Nx = Ny .
Simulations are performed on a multi-levels grid set composed by a total of L = 5 levels. The first level
l = 1 is discretized with Nxl=1 = 32 and Nyl=1 = 32 points, while the other levels are progressively discretized
with a mesh refinement ratio of a factor of 2. Table. 1 presents the configuration of the multi-levels grid set
by providing a summary of Nx and Ny for each level l of mesh refinement.
l

1

2

3

4

5

Nx

32

64

128

256

512

Ny

32

64

128

256

512

Table 1. Summary of the configuration for simulations performed on the 2D mixed modes propagation test case.

Simulations are performed by first selecting, from l = 1 to l = 4, the level lComp where the fully
compressible Eqs. (1-3) are solved, and then by selecting a successive addition of low-Mach-number levels
of mesh refinement, the finest level being designed by L. In total, 10 simulations are performed, and the
choices of lComp and L for each simulation are summarized in Table 2. Furthermore, εφ is computed for
solutions taken at the time t = 0.3 s.
L

lComp

1

1

2

3

4

5

×

×

×

×

×

×

×

×

×

2
3

×

4

Table 2. Summary of the choices of lComp and L for all simulations performed during spatial convergence test of the
hybrid method with the propagation of mixed acoustic, entropic and vorticity modes in a 2D square domain.

Figures 2.(a) and 2.(b) present the L2 norm error computed for the density (ερ ) and the velocity in
the y-direction (εv ), respectively. Circle, diamond, square and cross symbols represent lComp set at l = 1,
l = 2, l = 3 and l = 4, respectively. This corresponds to a discretization of Nx = 32, 64, 128 and 256 points,
respectively. Moreover, the dashed lines represent ερ and εv evaluated from the solutions computed with the
purely compressible equations, while the solid line is the second order slope.
Note here that ερ and εv are not computed in the full 2D domain but only on the x−axis taken at
y = Lx /2. This specific choice enable us to separate the contribution of acoustic, entropic and vorticity
modes. Indeed, as the axis is taken along the propagation of the acoustic wave, no contribution from the
acoustic and entropic modes should appear in the v component of the velocity, but only the ones from the
vortex structure. In contrary, on this specific axis, only acoustic and entropic modes should contribute to
the evaluation of the density, and not the vorticity mode.
In Figure. 2.(a), the evaluation of ερ for the solutions computed with the purely compressible equations
(dashed line) follows a second order rate of convergence, and starts to reach a plateau for levels l > 3
(viz. Nx > 128). When the hybrid method is employed, the contribution of solving the low-Mach-number
equations on an additional level significantly reduces ερ to approximately get the same error as if the
additional layer was employed to solve the fully compressible equations. However, solving the low-Machnumber equations on additional finest levels does not help significantly to further reduces ερ , which also
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10−4

10−3

lComp = 1

10−4
-2

10−5

-2

lComp = 1

lComp = 2

ɛv

ɛρ

10−5

lComp = 2

10−6

lComp = 3

10−6
lComp = 4

lComp = 3 l
Comp = 4

−7

10

32

64

128

256

Nx

512

10−7
32

64

(a)

128

Nx

256

512

(b)

Figure 2. L2 -norm of the discretization error for different maximum level L of mesh refinement for the low-Mach-number
equations: (a) ερ for the density, (b) εv for the velocity in the y-direction. Circle, diamond, square and cross symbols
represent the fully compressible equations solved on the level lComp set at l = 1, l = 2, l = 3 and l = 4, respectively.
The dashed black line represents the evaluation of ερ and εv for the purely compressible approach. The solid black line
represents a second order slope.

reach eventually a plateau. This suggest that solving the low-Mach-number equations on additional levels
of mesh refinement strongly reduced the error made on the convection of the entropy spot, but that the
numerical errors made because of the poor resolution of the acoustic wave on the coarser mesh still remain
in the solution at the finest level.
Furthermore, the same observations can be made from Figure 2.(b). Recall that only contributions from
the vorticity mode should appear in the solution, solving the low-Mach-number equations on additional finer
levels should strongly reduce εv . However, a significant error remains on εv when lComp = 1 and 2, even at the
finest level of refinement for the low-Mach-number equations. This suggests that numerical errors from the
poor resolution of the acoustic wave appear in the low-Mach-number solution. For lComp = 3, the acoustic
wave is considered enough well resolved, so that numerical errors from the purely compressible equations
become negligible and the contribution of additional low-Mach-number levels is significant to reduce the
overall error made on the velocity. This is consistent with the observation made in Figure 2.(a) that the
error in the density has reached a plateau for lComp > 3.
This study exhibits the limitations of the hybrid method. Solving the low-Mach-number equations
on additional level of mesh refinement only provides a better solution for phenomena that do not include
contributions from the acoustics. This suggests that acoustic phenomena of interest must still be well enough
resolved on the levels where the purely compressible equations are solved. This is obvious with the present
test case. For example in Figure 2.(a), for lComp = 3 and 4, the hybrid method provides an error ερ that is
similar to the error made with the purely compressible approach (dashed line).
However, the interest of the hybrid method developed in the present paper is highlighted in Figures 3 and
4. Figure 3 presents the comparison of the average time-step employed during simulations performed with
the purely compressible approach (dashed line) and the hybrid method (symbols). For the hybrid method,
similarly to Figures 2.(a) and 2.(b), the circle, diamond, square and cross symbols represent lComp set at
l = 1, l = 2, l = 3 and l = 4, respectively. They obviously collapse in the same curve because the finest
level of mesh refinement L determines the low-Mach-number time-step ∆tLM . On the other hand, Figure 4
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presents the overall wall-clock computational time corresponding to the simulations performed in the present
section. Together with the results presented in Figure 3 and Figures 2.(a) and 2.(b), two major general
observations can be made:
• When lComp is too coarse, solving the low-Mach-number equations on additional levels of mesh refinement does not help to capture a good representation of the physics, or to provide a significant gain in
the computational time.
• once the physics specifically related to generation of the acoustics is well enough resolved by selecting
the proper level of discretization lComp , solving the low-Mach-number equations on a few additional
levels provides a significant gain in both the computational and the numerical error of the solution.
This is particularly true for the configuration lComp = 4 and L = 5: the hybrid method provides a
discretization error in the density which is lower than the purely compressible approach, while at the
same time exhibiting a computational cost about twice less expensive (see Figure 3).

lComp = 1

0.05

Δ t [s]

0.04

0.03

lComp = 2

Δ tLM

0.02

lComp = 3

Δ tComp

lComp = 4

0.01

0

32 64

128

256

Nx

512

Figure 3. Average time-step employed during simulations performed with the purely compressible approach (dashed
line) and the hybrid method (symbols), and for different maximum level L of mesh refinement for the low-Mach-number
equations. For the hybrid method, circle, diamond, square and cross symbols represent lComp set at l = 1, l = 2, l = 3
and l = 4, respectively.

The present test case highlights the capacity of the hybrid method to retain acoustic phenomena within
the context of a low-Mach-number solver. The major trend highlighted here is that acoustic phenomena
must be well enough resolved where the fully compressible equations are solved. It is however emphasized
that this test case is very canonical because the acoustics and the rest of the dynamic of the flow are, in
the same time, well defined and decoupled from each other. For practical applications, the goal is to solve
the low-Mach-number equations only in regions of the domain where the Mach number is small – hence
the computational savings due to the larger low-Mach-number time step are greatest – and where the flow
features have very fine structure that must be resolved. Such practical application will be investigated in a
subsequent paper by the computation of the aeroacoustic sound generated by the vortex formation from a
Kelvin-Helmholtz instability in low-Mach-number mixing layers.
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lComp = 1

Computational time [s]

200

lComp = 2

150

lComp = 3
lComp = 4

100

50

0
3264 128

256

Nx

512

Figure 4. Wall-clock computational time spent to perform simulations with the purely compressible approach (dashed
line) and the hybrid method (symbols), and for different maximum level L of mesh refinement for the low-Mach-number
equations. For the hybrid method, circle, diamond, square and cross symbols represent lComp set at l = 1, l = 2, l = 3
and l = 4, respectively.

IV.

Conclusions

A novel hybrid strategy has been presented in this paper to simulate flows in which the primary features of interest do not rely on high-frequency acoustic effects, but in which long-wavelength acoustics play
a nontrivial role and present a computational challenge. Instead of integrating the whole computational
domain with the purely compressible equations, which can be prohibitively expensive due to the CFL time
step constraint, or with only the low-Mach-number equations, which would remove all acoustic wave propagation, an algorithm has been developed to couple the purely compressible and low-Mach-number equations.
In this new approach, the fully compressible Euler equations are solved on the entire domain, eventually
with local refinement, while their low Mach number counterparts are solved on specific sub-regions of the
domain with higher spatial resolution. The coarser acoustic solution communicates inhomogeneous divergence constraints to the finer low-Mach-number grid, so that the low-Mach-number method retains the
long-wavelength acoustics. This strategy fits naturally within the paradigm of block-structured adaptive
mesh refinement (AMR) and the present algorithm is developed within the BoxLib framework that provides
support for the development of parallel structured-grid AMR applications.
The performance of the hybrid algorithm has been demonstrated on a test case consisting on the combination of mixed modes composed of the propagation of a circular acoustic wave together with the convection
of an entropy spot superimposed to a circular vortex. It has been shown that the acoustic phenomena
must be well enough resolved and that solving the low-Mach-number equations on additional levels of mesh
refinement helps to get a better solution on other flow phenomena not directly related to the acoustics.
The hybrid method presented in this paper is a first step in the development of a new kind of algorithm to
solve problems that feature a large discrepancy in spatial and temporal scales within the same domain. This
opens the way to efficient simulations of complex and multi-physics problems such as combustion instabilities
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in industrial configurations.
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